A CHARACTERISTIC SUBGROUP OF A p-GROVP

CHARLES HOBBY
If x, y are elements and H, K subsets of the p-group G, we shall denote by [x, y] the element y~px~p(xy) p of G, and by [H, K] the subgroup of G generated by the set of all [h, k] for h in H and k in K. We call a p-group G p-abelίan if (xy) p = x p y p for all elements x, y of G. If we let Θ(G) - [G, G] then #(G) is a characteristic subgroup of G and Gjθ{G) is p-abelian. In fact, Θ(G) is the minimal normal subgroup N of G for which G/AΓ is p-abelian. It is clear that Θ(G) is contained in the derived group of G, and G/Θ(G) is regular in the sense of P. Hall [3] Theorem 1 lists some elementary properties of p-abelian groups. These properties are used to obtain a characterization of p-groups G (for p > 3) in which the subgroup generated by the pth powers of elements of G coincides with the Frattini subgroup of G (Theorems 2 and 3). A group G is said to be metacyclic if there exists a cyclic normal subgroup N with G/N cyclic. Theorem 4 states that a p-group G, for p > 2, is metacyclic if and only if Gjθ(G) is metacyclic. Theorems on metacyclic p-groups due to Blackburn and Huppert are obtained as corollaries of Theorems 3 and 4.
The following notation is used: G is a p-group; G {n)
is the nth derived group of G;G n is the nth element in the descending central series of G; P{G) is the subgroup of G generated by the set of all x p for x belonging to G; Φ(G) is the Frattini subgroup of G;ζx,y, •••> is the subgroup generated by the elements x, y,
is the subgroup generated by the set of all (h, k) for he H and k e K.
-G (2) .
Proof of (1.1). 0(G) = <1> implies that (xyx-'y-ψ -x p y p x~py~p for all a;, 2/ in G. (1.1) follows immediately.
Proof of (1.2) . Let a? be ah arbitrary element of G, and suppose the order of x is p n . Let % = # Proof of (1.3) . It is easy to see that
G (2) . Thus, by (
It remains to show that G {2) 2 0(G) (1) . But if x,y belong to <P(G), we can write x = αs'%, # = #'t; for x f , y f in P(G) and u, v in G (1) (since
). By (1.2), x' and 2/' belong to Z(G), hence xyx^y-
is an element of G (2) . Thus Φ(G) {1) c G (2) , and the proof is complete.
and P(G) c Z(G). Thus P(G (1) ) = REMARK 1. P. Hall [3] has shown that
whenever x, y belong to a p-group G, where c is a product of pth powers of elements of (%, yy il} and d is a product of elements contained in the pth element of the descending central series of (x, yy. We have, as an immediate consequence,
We shall now investigate p-groups G for which P(G) -Φ(G).
The following lemma will be useful.
where the last equality follows from P(G (1) 
Proof. Suppose G is a group of minimal order for which G {k) ) for all k > 1 since the order of G (1) is less than the order of G. Thus P(G {1) ) Φ Φ(G ω ). We assert that P(G {1) ) must be <1>. For, if P(G (1) ) Φ <1>, we let if = G/P (G {1) ). Then it is easy to see that P(ίf) = Φ(H). Thus, since if has smaller order than
), and hence P(G (ι) ) = Φ(G (λ) ), which contradicts our assumption.
If p = 2 it follows from P(G (1) ) = <1> that G (1) is abelian. If p φ 2, then by Lemma 1, G 3 = <1> and G (1) is again abelian. Therefore
, contrary to our choice of G.
Proof. By Corollary 1.1, P(G (1) ) c β(G). By Lemma 1, G 3 c P(G (1) ). Therefore P (G {ι) )G p = P(G (υ ) since p ^ 2. It follows from Remark 1 that P(G {1) ) = ί(G). By Theorem 2, P(G (1) ) = Φ(G ω ), and the proof is complete. COROLLARY G a) ) c G (2) implies G 3 = <1>, ancί Zience G (2) = Proo/. By Corollary 2.1, G 3 c P(G m ), thus G 3 c G (2) . It is known [3, Theorem 2.54 ] that G (2) cz G 4 . Therefore G 3 = G 4 = G (2) = <1>. 
Let p Φ 2 and P(G) -Φ(G). Then P(
Φ(G) if, and only if, there exist integers n(i) such that
(1) = <xί , xξ , ",xί > .
Proof. If such integers w(i) exist, then G w Q P(G) and it follows that P(G) = Φ(G). Suppose P(G) = Φ(G), and let H= G/Θ(G). Then ^(ϋ") = <1>, and H = ζjji, y % , •', y k y where y. t is the image of x t under the homomorphism mapping G onto G/Θ(G). Since Θ(H) = <1>, P(H)
, yt>, and P{H) e Z(tf). Also, P(iί) = Φ(H) 3 iϊ (1) , hence every element of if (1) can 
= G (1) /#(G) -G (1) /0(G (1) ). Thus we can use the Burnside Basis Theorem [6, page 111] to obtain G {1) = <&?% ^Γ 2 , xΓ*). The proof follows if we let n(i) be the largest positive integer n for which p n divides COROLLARY 
Suppose p Φ 2 and P(G) = Φ(G). If G can be generated by k elements, then G {r)
can be generated by k elements for r = 1,2, 3, ....
Proof
Follows immediately from Theorems 2 and 3.
LEMMA 2. If p Φ 2 and GjΦ{G {1) )G z is metacyclic, then )G, = Θ(G) .
Proof. Since p > 2 it follows from Remark 1 that Θ(G) c P(G a) )G, and hence Θ(G) c Φ(G {1)
)G 3 . The lemma will follow if it is shown that Φ(G {1) )G B e β(G). We may assume Θ(G) = <1>. Then, by Corollary 1.1,
we may assume G 3 -<z>, where « is an element of order p in Z(G). Since G/G 3 is metacyclic, there exist elements α, 6 such that G = <(a,by and G (1) is generated modulo G 3 by a pk for some integer k > 0. By (1.2), α pfc belongs to Z{G). But then G (1) = <α* fc , ^> c Z(G) and G 3 -<1>. Blackburn [1] showed that a p-group G is metacyclic if, and only if, GIΦ(G {1) )G 3 is metacyclic. Our next theorem follows immediately from Lemma 2 and this result of Blackburn. We shall give a simple direct proof of Theorem 4, and obtain Blackburn's result for p > 2 as Corollary 4.2. Proof. Since any factor group of a metacyclic group is again metacyclic, we need only show that G/Θ(G) metacyclic implies G is matacyclic.
Suppose G is a non-metacyclic group of minimal order for which Gjθ(G) is metacyclic. Then Θ(G) Φ <1> and hence we can find an element z in Θ(G) such that z has order p and belongs to Z(G). If we let H = Gl<z), then H/Θ(H) = (G/<z»/(6>(G)/<z» = Gjθ{G) is metacyclic, and consequently H is itself metacyclic since H has smaller order than G. Thus we can find α, b in H such that H = <α, δ> and iϊ (1) = <ά p *> for some k > 0. If we let a, 6 be coset representatives in G of <z, 5, then it follows from the Burnside Basis Theorem that G = <α, δ> and hence G (1) and G/Θ(G) is metacyclic whenever G can be generated by two elements. Since there exist non-metacyclic 2-groups having two generators we see that Theorem 4 is false for p = 2.
The following result was established by Huppert [5, Hauptsatz 1] .
COROLLARY 4.1. Suppose p Φ 2 and G can be generated by two elements.
Then G is metacyclic if, and only if, P(G) = Φ(G).
Proof. It is clear that P(G) = Φ(G) if G is metacyclic. Suppose P(G) = Φ(G).
Since G can be generated by two elements, G (1) is cyclic modulo G 3 [3, Theorem 2.81] . We see from Theorem 3 that, if G = (a, by, then G (1) 
